VI. Trigonometry, part 2, plus
conic sections.

A. Trigonometric graphs

1. From definitions and data in Part 1 we can graph the trig. functions.

f(e) = sine

. /—\ 30/2 /\311 . period = 21
-".U'-i w2 ‘n’\/zﬂ’ Sw/2 \9 amplitude = 1

f(e) = cose
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- , peried = 2w
L N e "2 amplitude < 1

/ / / f(e) = tano
' period =
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-- [(@) = sec® is graphed on the next page, after Example 2 --

2. Variations on the basic graphs.

f(e) = 2sine

. | 2 i .
Example 1 on 2 penoc} o
— L 3 amplitude = 2
variation 1 AN s )
of amplitude t y > (sine shown for

comparison)
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Example 2 M

fle) = sin(3s)

/\ /9\ period = 21/3

variation of N
period and 4 \/,\ T\~

frequency

As € runs from 0 to 2w,

Yy YT

2rr/

4n/3

amplitude = 1

3¢ runs from 0 to 6w . Thus the
sin 38 curve oscillates 3 times as fast; its period is (1/3)-2m . (The
graph of sine is shown for comparison.)
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(The graph of
cos & is shown
for comparison.)
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B. Useful identities (Also see V C)

* sin2

tanfe + 1 = secze 1+ cot? ¢

o+coslocl (e (sine)? + (cos o)

2

= C5CT &

- » sin(et¢) =sinecost + cosesine
#» cos{etxe) = cosecose ¥ sine smx:

sin 26 = 2sinecose

cos 2@ = coste - sm2 e

. 2
sin_ e

CosS ©
sin e

" on

cos{e - w/2)

sin(e + /2) } Look at

=1 -cos2¢
2

the graphs.

1) } Pythagorean

“theorem

i cosle =1 - 2sin29; cos2e = 2cosle - 1

cos2 g =1tcos2e.

2



cos & = sin{n/2- &) } Think of
sin & = cos(w/2 - o) right triangles.
c B &
A - < Law of sines: &H;A_= mll;B- z &ugi

2 2 p2 +¢% - 2bccosA

Law of cosines: )
(also b% = a2 + c2 - 2accosB . etc)

Examples
1. Verify that forall ¢, —Ste _ l+sine
csce-1 cos €
Sol'n: multiply left side by S8 togot —C058
° Py 9D Gne ¥ T-sine
then by 1+sine to get (1 +sin e) cos &
1+sine 1-sin’e
= {1 * sih;) CO59@ = right side.
- cos €
2 Find cos -t .
i o 15" |
T I 1T T M i JT
COS—— = COS - c CO$— CO5 + sin— sin
12 (3 ) 3 4 3 4

Exercises VIAB
1. Sketch the graph of f(e) = -cose .
2. Sketch the graph of f(e) = 2sin4e . What s its period?

3. Verify that tane +sece = ltgine,
- cos €

. + -
4. Verify: 1*t1an @ gecp tane .
csc @

5. Express cos? 2a in terms of cos4a .
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6. Fmd sin 211 2 IL by using trig. identities.

C. Conic sections
1. Circles. (a) centered at origin with radius r: %+ v? =12,
(b) centered at (hk) with radius r: (x-h? « (y-0)? = r2.

yi‘l\ _ Y/\
(x-2F +(y-2° <« 1]
N 2—|-
’KJZ ) T
=3 x+y? =4 >
] 2 /x

2. Parabolas. _ -
(2) Vertex at origin: ¥ = kx® or x -'i:‘kyz . The larger [kl is, the
~ narrower the pg'rabolz_:&.__\nll be. ' s "

(b) More general parabola will be AxS+Bx+ Cy +Ds0 or

Ay? +By +Cx+D =0 with A,C% 0. By completing the square,

these may be rewrittenas y = a(x b)2 +¢c or x-= aly-b)% +c,
which are parabolas with vertices at “(b,e) or (¢,b), respectwely
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3. Elhpses
(a) Center at ongm X-intercepts fa,

Y N
2 2 b .
.15_2 * y? =1 major semi-axis = a ,
a b minor semi-axis = b
a A X since a’b.

y-intercepts tb, a,b>0:

s

-b

(b) More general ellipse: Ax? + By'z +Cx+Dy +E= 0 with A,B=0,
' A, B mmg sign, Rewrite as

(x-h) + (y-k° = 1 ; center at. (h,k) , semi-axes a and b.

a2 bz'
4. Hyperbolas. _
-(a) - Center at origin, asymptotes ay = tbx, a,b>0:
g 2 2 2 2
=5 «1 or -5 el
2
a® b b  a

;
F YA : Y_A

(b) More general hyperbola: Ax2 + Byz £Cx + Dy E<0, AB=O,
" A,B Qnm&lm stgns .

_ 2 . .

Rewrite as Ix;g) - (Y';) = 1, center at (hk).

(c) xy=c is also a hyperbbla; write as y = x/c to graph;
for example, ‘ '
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Note: To display the equations of conic sections in a standard, recogruz—
able form as above, it may be necessary to “complete the square”. The

technique comes from the formula (x + a )2 = %% + 2ax + al ; we can
write X2 + bx + ¢ = (x + b/2)% + ¢ - b?/4 , getting rid of the x term. (In
the exercises, this has already been done.)
Exercises Y1 C .
Identify and sketch the following conic sections.
1. 8x = -3(y~(1/2))% + 4
2. (x-1)2+(y-2)% =9
3. 9x2 + 4y? = 36 -

Answers for Exercises VI
A 1. 2.
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B: 3. Hint: write the left side in terms of sine and cosé.
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